The aim of the paper is to study the renormalizations of the charge and screening length that appear in the large-distance behavior of the effective pairwise interaction w ␣␣ Ј between two charges e ␣ and e ␣ Ј in a dilute electrolyte solution, both along a dielectric wall and in the bulk. The electrolyte is described by the so-called primitive model in the framework of classical statistical mechanics and the electrostatic response of the wall is characterized by its dielectric constant. In a previous paper [Phys. Rev. E 68, 022133 (2003)] a graphic reorganization of resummed Mayer diagrammatics has been devised in order to exhibit the general structure of the 1 / y 3 leading tail of w ␣␣ Ј ͑x , xЈ , y͒ for two charges located at distances x and xЈ from the wall and separated by a distance y along the wall. When all species have the same closest approach distance b to the wall, the coefficient of the 1 / y 3 tail is the product D ␣ ͑x͒D ␣ Ј ͑xЈ͒ of two effective dipoles. Here we use the same graphic reorganization in order to systematically investigate the exponential large-distance behavior of w ␣␣ Ј in the bulk. (We show that the reorganization also enables one to derive the basic screening rules in both cases.) Then, in a regime of high dilution and weak coupling, the exact analytical corrections to the leading tail of w ␣␣ Ј , both in the bulk or along the wall, are calculated at first order in the coupling parameter and in the limit where b becomes negligible with respect to the Debye screening length. ( is proportional to the so-called plasma parameter.) The structure of corrections to the terms of order is exhibited, and the scaling regime for the validity of the Debye limit is specified. In the vicinity of the wall, we use the density profiles calculated previously for the determination of the corresponding correction in the auxiliary screened potential, which also appears in the linear-response theory. The first coupling correction to the effective dipole D ␣ ͑x͒ is a function (not a mere exponential decay) determined by the nonuniformity of the density profiles as well as by three-and four-body screened interactions in w ␣␣ Ј . Though the effective screening length (beyond the Debye value) in the direction perpendicular to the wall is the same as in the bulk, the bare solvated charges are not renormalized by the same quantity as in the bulk, because of combined steric and electrostatic effects induced by the wall.
I. INTRODUCTION

A. Issue at stake
The paper is devoted to the large-distance behavior of the pairwise effective interaction between two charges in an electrolyte solution, which is confined to the region x Ͼ 0 by a plane impenetrable dielectric wall. The electrolyte solution is described by the usual primitive model [1] with n s species of charges which interact via the Coulomb interaction. Every charged particle of species ␣ is represented as a hard sphere-with diameter ␣ -where the net bare solvated charge e ␣ ϵ Z ␣ e is concentrated at the center of the sphere. (e is the abolute value of the electron charge and Z ␣ may be positive or negative.) The solvent is handled with as a continuous medium of uniform dielectric constant ⑀ solv . The wall matter is characterized by a dielectric constant ⑀ W ⑀ solv , and the latter difference results in an electrostatic response of the wall to the moving charges in the electrolyte. Moreover, the excluded-volume sphere of every particle is assumed to be made of a material with the same dielectric constant as that of the solvent. (Therefore ⑀ = ⑀ solv when x Ͼ 0 and ⑀ = ⑀ w when x Ͻ 0.) In the framework of statistical mechanics, the effective pairwise interaction w ␣␣ Ј ͑r , rЈ͒ between two charges e ␣ and e ␣ Ј located at positions r and rЈ, respectively, is defined from the pair correlation function h ␣␣ Ј by (see, e.g., Ref. where ␤ = 1 / k B T is the inverse temperature, in which k B is the Boltzmann constant and T is the absolute temperature.
(w ␣␣ Ј is also called potential of mean force, while h ␣␣ Ј is known as the Ursell function.) In the vicinity of the wall, symmetries enforce that w ␣␣ Ј ͑r , rЈ͒ = w ␣␣ Ј ͑x , xЈ , y͒, where x and xЈ are the distances of r and rЈ from the wall and y is the *Laboratoire associé au Centre National de la Recherche Scienti-norm of the projection y of r − rЈ onto the wall plane. Along the wall, contrary to the bulk case, w ␣␣ Ј ͑x , xЈ , y͒ does not decay exponentially fast: its leading behavior at large distances y takes a dipolar form f ␣␣ Ј ͑x , xЈ͒ / y 3 , as a result of the deformation of screening clouds enforced by the presence of the wall (see Ref. [3] for a review or, e.g., Ref. [4] ).
An electrolyte solution can be considered as a dilute charge fluid where the closest approach distance between the center of a charge with species ␣ and the dielectric wall takes the same value b for all species. The reason is that the differences in the various ion diameters are negligible with respect to all other characteristic lengths. (b ␣ = b for all ␣'s, whether b ␣ is only determined by the radius of the excludedvolume sphere of species ␣ or b ␣ involves some other more complicated microscopic mechanism for the short-distance repulsion from the wall. For instance, a layer of water molecules, with a thickness of molecular dimensions, may lie between the wall and the electrolyte solution, as has been suggested, for instance, for another situation, the mercuryaqueous solution interface [5] .) As a consequence, as shown in Ref. [4] , called paper I in the following, the coefficient f ␣␣ Ј ͑x , xЈ͒ of the 1 / y 3 tail of w ␣␣ Ј ͑x , xЈ , y͒ is a product of effective dipoles D ␣ ͑x͒ and D ␣ Ј ͑xЈ͒:
͑2͒
[Therefore the tail of w ␣␣ ͑x , xЈ , y͒ between two particles of the same species ␣ is repulsive when x = xЈ, as is the case for identical point dipoles with the same direction.] The general result (2) arises from a property about the screened potential defined as follows. ͑␦q␦qЈ / ⑀ solv ͒ is the immersion free energy between two infinitesimal external point charges ␦q and ␦qЈ calculated in the framework of the linear-response theory as if the radii of the excluded-volume spheres of the fluid charges were equal to zero [6] . [The effect of hard cores is briefly discussed after Eq. In the following, a quantity that is independent of charge species ␣ is denoted by an overlined letter when it is analogous to another one that depends on ␣, as is the case for D ␣ ͑x͒ and D ͑x͒. Since obeys an "inhomogeneous" Debye equation where the effective screening length depends on the distance x from the wall through the density profiles, D ͑x͒ has the same sign at any distance x from the wall, contrarily to the effective dipole D ␣ ͑x͒, the sign of which may a priori vary with distance x. Thus, the 1 / y 3 tail of ͑x , xЈ , y͒ is repulsive at all distances x and xЈ from the wall. Moreover, the x-dependent screening length tends to the Debye length D at large distances, and D ͑x͒ can be rewritten, for x Ͼ b, as
where Ḡ exp ͑x͒ tends to zero exponentially fast over a scale of order 1 / D . In Gauss units, the Debye length D reads
where ␣ B is the bulk density of species ␣. Here C is a constant which vanishes, as well as Ḡ exp ͑x͒, in the infinitedilution and vanishing-coupling limit considered hereafter. The global minus sign in Eq. (4) has been introduced, because, in the latter limit and in the case of a plain wall ͑⑀ W = ⑀ solv ͒, D ͑x͒ is expected to have the same sign as the dipole d͑x͒ carried by the set made of a positive unit charge and its screening cloud repelled from the wall. The sign of 1 + C depends on the temperature, on the composition of the electrolyte, on the value of the closest approach distance b to the wall, and on the dielectric constants ⑀ W and ⑀ solv .
In an electrolyte solution, the Z ␣ 's of all species ␣'s are of unit order and the diameters ␣ 's of excluded-volume spheres also have the same typical value, denoted by . Moreover, all densities ␣ B 's are of the same magnitude order. Thus, if the solution is highly diluted, the Coulomb coupling between charges of any species separated by the mean interparticle distance a is weak: the condition of low densities, / a Ӷ 1, implies that ␤e 2 / ͑⑀ solv a͒ Ӷ 1, if the temperature is high enough for ␤e 2 / ͑⑀ solv ͒ to be far smaller than 1 or of unit order. Detailed scaling regimes are given in Sec. I B. In the corresponding limit, denoted by the superscript (0) hereafter, where the fluid is infinitely diluted and extremely weakly coupled, the large-distance behavior w ␣␣ Ј as ͑r , rЈ͒ of the effective pairwise interaction w ␣␣ Ј ͑r , rЈ͒ is the same as if the charges e ␣ and e ␣ Ј were infinitesimal external point charges embedded in the infinitely diluted and vanishingly coupled fluid:
Moreover, in this limit, the density profiles are uniform at leading order and D ͑0͒ ͑x͒ is given by Eq. (4) where the constant C and the function Ḡ exp ͑x͒ vanish: C ͑0͒ = 0 and Ḡ exp͑0͒ ͑x͒ = 0 [7, 8] . Then, by virtue of Eqs. As long as the dilution is high enough, the large-distance behavior w ␣␣ Ј as ͑r , rЈ͒ of the effective pairwise interaction w ␣␣ Ј ͑r , rЈ͒ is expected to have the same functional form as its expression w ␣␣ Ј as͑0͒ ͑r , rЈ͒ in the infinite-dilution and reasons. First, since densities are low, the functional form of the large-distance behavior w ␣␣ Ј as ͑r , rЈ͒ is ruled by the effect of long-range Coulomb interactions, whereas short-ranged hard-core repulsions are only involved in the values of the coefficients of this leading tail. Second, the leading Coulomb effects are due to the large-distance nonintegrability of Coulomb interaction, and the leading-order contribution from any integral involving the Boltzman factor of either the effective interaction w ␣␣ Ј or the bare Coulomb interaction e ␣ e ␣ Ј v is obtained by linearizing the latter exponential factors. This is the procedure that underlies the Debye-Hückel approximation for bulk correlations, which was initially derived as a linearized Poisson-Boltzmann theory, where w ␣␣ Ј is dealt with in a linear-response framework as if charges e ␣ and e ␣ Ј were infinitesimal external charges [1, 9] . [In the Mayer diagrammatic approach of Debye-Hückel theory, the linearized Boltzmann factor is that of the bare potential and one must also resum the infinite series of the most divergent integrals that arise from this linearization (see, e.g., Ref. [2] ).] The second reason amounts to state that leading Coulomb effects are properly described in a linearized meanfield scheme.
In other words, as long as the dilution and temperature are high enough, in w ␣␣ Ј as the many-body effects beyond the lin- (In the following, the superscript "B" signals all bulk quantities.) In the present paper we show that the effective dipole D ␣ ͑x͒ in the large-distance pairwise interaction along a dielectric wall takes the form
where G ␣ exp ͑x͒ is an exponentially decaying function which tends to 0 when x goes to infinity. At distances from the wall larger than a few screening lengths, D ␣ ͑x͒ takes the same functional form as D ␣ ͑0͒ ͑x͒, and many-body effects reduce to the introduction of effective charges Z ␣ eff W and of a screening length −1 . On the other hand, in the bulk many-body effects upon effective charges and the screening length arise only from pair interactions between ions, whereas along the wall they involve also the electrostatic potential and the geometric constraint created by the wall. In order to investigate these differences, we also determine the bulk pairwise interaction w ␣␣ Ј B up to the same order in the coupling parameter as for the pairwise interaction along the wall.
B. Main results
In the present paper we determine w ␣␣ Ј B ͉͑r − rЈ ͉ ͒, D ͑x͒, and D ␣ ͑x͒ up to first order in the dimensionless coupling parameter In the second case, the density vanishes while the temperature goes to infinity, but not too fast in order to ensure that ͑ / a͒ 3 Ӷ ; then, both ␤e 2 / ͑⑀ solv ͒ and ␤e 2 / ͑⑀ solv b͒ vanish. These conditions can be summarized in the following way:
The expressions at leading order in and D b in regime (2) can be obtained from those derived in regime (1) for a fixed ratio ͑ / D b͒ ϰ ␤e 2 / ͑⑀ solv b͒ by taking the limit where ␤e 2 / ͑⑀ solv b͒ goes to zero while D b is kept fixed.We notice that, when the solvent is water, the Bjerrum length ␤e 2 / ⑀ solv at room temperature is about 7 Å and, for concentrations around 10 −4 mol/ liter, is of order 10 −2 and ͑ / a͒ 3 is of order 2 for ϳ 5 Å. For the sake of conciseness, both regimes (1) and (2) will be referred to as the "weak-coupling " regime and we shall speak only in terms of expansions.
Our exact analytical calculations are performed in the framework of resummed Mayer diagrammatics introduced in paper I. For the inverse screening length in the bulk we retrieve [10, 11] that, up to order ,
The leading corrections involved in the notation o͑͒ are given in Eq. (64). As announced above, only screening effects of the non-integrable long-range Coulomb interaction are involved up to order ; the diameters ␣ 's of charges appear only in higher-order terms. This property holds in the bulk as well as in the vicinity of a wall (see, e.g., Ref. [12] ). More generally, the specific form of the short-distance steric repulsion between charges does not appear in the leading correction of order . The correction of order in the bulk screening length B −1 vanishes in a charge symmetric electrolyte, where species with charge −Z ␣ e has the same density as species with charge Z ␣ e (⌺ 3 = 0). If the fluid is not charge symmetric, the screening length B −1 decreases when the coupling strength increases.
Our main results are the following. First, we find that
ͪͬ+o͑͒ͮ,
͑16͒
where ͑1 / 6͒ − ͑1 / 8͒ln 3 Ͼ 0. In the case of a one-component plasma, formula (16) is reduced to that found in Ref. [10] by diagrammatic techniques. [The expression given for a multicomponent electrolyte in Ref. [11] corresponds to another definition of the effective charge and does not coincide with our expression (16) .] As in the case of the screening length, there is no correction at order if the composition of the electolyte is charge symmetric. According to the diagrammatic origin of this correction, the contribution to Z ␣ eff B from a screened interaction via one intermediate charge has the sign of Z ␣ ⌺ 3 whereas the contribution to Z ␣ eff B from a screened interaction via two intermediate charges always increases the effective charge. We notice that the existence of the nonlinear term Z ␣ 2 in Z ␣ eff B implies that w ␣␣ Ј as cannot be written as Z ␣ ␣ Ј where ␣ Ј would be the total electrostatic potential created at r by the charge Z ␣ Ј e at rЈ and its screening cloud in the electrolyte. ␣ Ј does not exist beyond the framework of linear-response theory. Second, as expected, the screening length in the direction perpendicular to the wall proves to be the same as in the bulk, at least up to first order in . Besides, the renormalized charge Z ␣ eff W defined in Eq. (10) and the renormalized charge Z ␣ eff B in the bulk do not coincide. However, up to order , their ratio is independent of the species ␣:
ͬ .
͑18͒
[We notice that the notation o͑͒ in Eq. (17) contains both contributions such as those in Eq. (64) and terms of order ϫ D b.] As exhibited by their diagrammatic origins, the various terms in ␥ ͑1͒ arise both from the nonuniformity of the density profiles and from screened interactions via two intermediate charges. These profiles, which have been calculated explicitly in the limit of vanishing D b in Ref. [13] , result from the competition between, on the one hand, the screened self-energy arising both from the electrostatic response of the wall and its steric deformation of screening clouds, and, on the other hand, the profile of the electrostatic potential drop which these two effects induce in the electrolyte. , and on the parameter ⌬ el , which charaterizes the difference between the dielectric permittivity of the wall and that of the solvent:
The second term on the right-hand side (RHS) of Eq. (18) originates from the renormalization of the screening length and from the difference in the contributions from four-body effective interactions in the bulk and along the wall. The three-body effective interactions do not contribute to ␥ ͑1͒ -so that ␥ ͑1͒ is independent of the species ␣-because they give the same corrections to the amplitudes of w ␣␣ Ј B and and it depends on the composition of the electrolyte, on the closest approach distance to the wall b, and on the ratio between the dielectric constant of the wall and that of the solvent.
C. Contents
The paper is organized as follows. The large-distance behaviors of the effective pairwise interactions w ␣␣ Ј , in the bulk or along the wall, are investigated through the largedistance decay of the Ursell function h ␣␣ Ј according to relation (1). The latter decay is conveniently studied from Mayer diagrammatics generalized to inhomogeneous situations. In Sec. II we recall the resummed Mayer diagrammatics introduced in paper I in order to systematically handle with the large-distance nonintegrability of the bare Coulomb potential (far away or near the wall). There appears a screened potential , which coincides with the interaction defined from the immersion free energy between two infinitesimal external point charges (see Sec. II B). In the bulk, is a solution of the usual Debye equation. Near the wall obeys an inhomogeneous Debye equation, where the inverse screening length depends on x. In Sec. II C a decomposition of h ␣␣ Ј into four contributions enables one to show how the basic internaland external-screening sum rules arise in resummed Mayer diagrammatics and how they are preserved if only some subclass of diagrams is retained. It also allows one to show that, for a symmetric electrolyte, ͚ ␣ ␣ ͑r͒h ␣␣ Ј ͑r , rЈ͒ decays faster than h ␣␣ Ј ͑r , rЈ͒ (see Secs. IV E and VI B). We also recall the graphic reorganization of diagrams devised in paper I for the study of the general structure of large-distance tails in dilute regimes.
Systematic double expansions in the dimensionless parameters / a and can be performed from resummed diagrams. In Sec. III we exhibit the nature of the first various contributions. This leads us to introduce the scaling regimes (12) and (13) where the correction proportional to the coupling parameter is the leading contribution. (We also recall the expression of the pair correlation at any distance at leading order in .)
Section IV is devoted to bulk correlations. We take advantage of the full translational invariance in the bulk in order to resum the four geometric series which appear in the Fourier transform of the graphic decomposition of h ␣␣ Ј B recalled in Sec. II C. Thus, we obtain a compact formula for the largedistance behavior of h ␣␣ Ј B , where the contributions of both charges are factorized. This formula is appropriate to obtain systematic expansions of the screening length and of the renormalized charge from the expansions of resummed diagrams. In Sec. IV D, we also show how to retrieve the corresponding corrections of order by a more cumbersome method which will be useful for the calculations in the vicinity of a wall, where the translational invariance is lost in the direction perpendicular to the wall. In position space every convolution in the graphic representation of h ␣␣ Ј B decays exponentially over the Debye screening length D −1 at large relative distances r, with an amplitude which is proportional to 1 / r times a polynomial in r. The resummation of the series of the leading tails in r at every order in must be performed in order to get the exponential decay over the screening length B −1 calculated up to order (see Appendix B). On the contrary, the correction of order in the renormalized charge can be retrieved from only a finite number of resummed Mayer diagrams.
In Sec. V we recall how the screened potential ͑x , xЈ , y͒ and the effective dipole D ͑x͒ in its large-y tail are formally expressed in terms of the density profiles in the vicinity of the wall [4] . Then, the expansion of D ͑x͒ can be performed from the expansion of the density profiles, by applying the method devised in Ref. [12] . The density profiles, which vary rapidly over the Bjerrum length ␤e 2 / ⑀ solv in the vicinity of a dielectric wall, have been explicitly determined up to order in the limit where D b vanishes in Ref. [13] , and we explicitly calculate D ͑x͒ up to order in the same limit.
In Sec. VI we recall how the structure of the effective dipole D ␣ ͑x͒ in the 1 / y 3 tail of h ␣␣ Ј ͑x , xЈ , y͒ is given in terms of the graphic representation written in Sec. II C. We also derive a sum rule for ͚ a e ␣ ␣ ͑x͒D ␣ ͑x͒. By using the resummation method checked for the bulk situation in Sec. IV D, we determine the renormalized value of the screening length in the direction perpendicular to the wall at first order in . For that purpose, in Appendix D we show that the leading term in x at every order q is proportional to ͑x − b͒ q exp͓− D ͑x − b͔͒, and we resum the series of these leading terms. Thus, we check that the correction of order in the screening length is indeed the same in the bulk and in the direction perpendicular to the wall. Then, D ␣ ͑x͒ is determined up to order by only two resummed Mayer diagrams. Explicit calculations are performed in the limit where D b vanishes and the expressions of Z ␣ eff B and Z ␣ eff W are compared. Their physical interpretation is given thanks to the diagrammatic origins of the various contributions.
II. GENERAL FORMALISM
A. Model
In the primitive model defined above, the hard-core effect between two species ␣ and ␣Ј can be taken into account in the pair energy by an interaction v SR which is infinitely repulsive at distances shorter than the sum ͑ ␣ + ␣ Ј ͒ / 2 of the sphere radii of both species. Its Boltzmann factor reads exp͓− ␤v SR ͉͑r − rЈ͉;␣,␣Ј͔͒ = ͭ
Since charges are reduced to points at the centers of excluded-volume spheres with the same dielectric constant as the solvent, the Coulomb interaction between two charges can be written in the whole space (even for x Ͻ 0 or xЈ Ͻ 0) as ͑Z ␣ Z ␣ Ј e 2 / ⑀ solv ͒v͑r , rЈ͒, where v͑r , rЈ͒ is the solution of Poisson equation for unit point charges with the adequate electrostatic boundary conditions. Since the half-space x Ͻ 0 is occupied by a material with a dielectric constant ⑀ W , v͑r , rЈ͒ in Gauss units reads, for x Ͼ 0 and xЈ Ͼ 0 and for any ͉r − rЈ ͉ Ͼ 0 [14] ,
⌬ el , defined in Eq. (19) , lies between −1 and 1, and rЈ Ã is the image of the position rЈ with respect to the plane interface between the solution and dielectric material. In the bulk the Coulomb potential reads
The total pair energy U pair is
͑23͒
where i is the index of a particle. In the vicinity of the wall, one-body potentials appear in the total energy of the system. For every charge a self-energy Z ␣ 2 ͑e 2 / ⑀ solv ͒V self arises from the work necessary to bring a charge Z ␣ e from x = + ϱ (in the solvent) to a point r in the vicinity of the wall. According to Eq. (21), the wall electrostatic response is equivalent to the presence of an image charge −⌬ el Z ␣ e at point r Ã inside a wall that would have the same dielectric constant ⑀ solv as the solvent and
In the case of a glass wall in contact with water, the relative dielectric constant ⑀ W / ⑀ solv of the wall with respect to the solvent is of order ͑1 / 80͒ Ͻ 1, ⌬ el defined in Eq. (19) is negative, and V self is a repulsive potential. The impenetrability of the wall corresponds to a short-ranged potential V SR ͑x͒, the Boltzmann factor of which is
where b is the closest approach distance to the wall for the centers of spherical particles, which is the same for all species. The confinement of all particles to the positive-x region and the electrostatic self-energy may be gathered in a onebody potential V wall :
B. Generalized resummed Mayer diagrams
By virtue of definition (1), the leading large-distance behavior w ␣␣ Ј as of w ␣␣ Ј is proportional to the large-distance be-
because any power ͓w ␣␣ Ј as ͔ n , with n ജ 2, has a faster decay than w ␣␣ Ј as . In an inhomogeneous situation h ␣␣ Ј as is conveniently studied by means of the Mayer diagrammatic representation of h ␣␣ Ј . However, the large-distance behavior of the Coulomb pair interaction v͑r , rЈ͒ is not integrable, and every integral corresponding to a standard Mayer diagram that is not sufficiently connected diverges when the volume of the region occupied by the fluid becomes infinite.
As shown in paper I, thanks to a generalization of the procedure introduced by Meeron [15] in order to calculate h ␣␣ Ј in the bulk, the density expansion of h ␣␣ Ј in the vicinity of the wall can be expressed in terms of resummed Mayer diagrams with integrable bonds F. Since the procedure for the systematic resummation of Coulomb divergences relies on topological considerations, the definitions of Mayer diagrams with resummed bonds are formally the same ones in the bulk or near the wall. The two differences between resummed diagrams in the bulk and near the wall are the following. First, near the wall the point weights are not constant densities but x-dependent density profiles. Second, the screened potential arising from collective effects described by the systematic resummation of Coulomb divergences is no longer the Debye potential, but it obeys an "inhomogeneous" Debye equation
where all densities ␣ ͑x͒'s vanish for x Ͻ b. Here obeys the same boundary conditions as the Coulomb potential v: ͑r , rЈ͒ is continuous everywhere and tends to 0 when ͉r − rЈ͉ goes to +ϱ, while its gradient times the dielectric constant is continuous at the interface with dielectric walls. We recall that particles are supposed to be made of a material with the same dielectric constant as the solvent. The two resummed bonds F, called F cc and F R , respectively, are written in terms of the screened potential as
and
where n and m are point indices in the Mayer diagrams. [In the bond notation, the superscript "cc" stands for "chargecharge" and "R" means "resummed." Indeed, F cc is proportional to the resummed interaction ͑r , rЈ͒ between point charges; F R + F cc is equal to the original Mayer bond where the Coulomb pair interaction v͑r , rЈ͒ is replaced by its resummed expression ͑r , rЈ͒, while the short-range repulsion is left unchanged.] The resummed Mayer diagrammatics of h ␣␣ Ј is
͑32͒
In Eq. (32) the sum runs over all the unlabeled topologically different connected diagrams ⌸ with two root points ͑r , ␣͒ and ͑rЈ , ␣Ј͒ (which arenot integrated over) and N internal points (which are integrated over) with N = 0 , . . . , ϱ, and which are built according to the following rules. Each pair of points in ⌸ is linked by at most one bond F, and there is no articulation point. (An articulation point is defined by the fact that, if it is taken out of the diagram, then the latter is split into two pieces, one of which at least is no longer linked to any root point.) Moreover, in order to avoid double counting in the resummation process, diagrams ⌸ must be built with an "excluded-composition" rule: there is no point attached by only two bonds F cc to the rest of the diagram. ͓͟F͔ ⌸ is the product of the bonds F in the ⌸ diagram and S ⌸ is its symmetry factor-i.e., the number of permutations of the internal points r n that do not change this product. Every point has a weight equal to ␣ ͑x͒ that is summed over all species. We have used the convention that, if N is equal to 0, no ͐ ⌳ dr n ␣ n ͑x n ͒ appears and ͑1 / S ⌸ ͓͒͟F͔ ⌸ is reduced to F͑r , rЈ͒ Near the wall, ⌳ denotes a finite-size region bounded by the wall on the left, whereas, in the bulk, ⌳ stands for a finite-size region far away from the wall. The screened potential is integrable at large distances. [In the bulk decays exponentially fast in all directions; near the wall in the large-distance behavior given in Eq. (4), D ͑x͒ has an exponential decay and the 1 / y 3 tail is integrable.] As a consequence, ⌸ diagrams correspond to convergent integrals in the limit where the volume ⌳ extends to infinity inside the bulk or on the right of the wall.
C. Graphic reorganization of resummed diagrammatics
In h ␣␣ Ј ͑r a , r a Ј Ј ͒ we can distinguish four classes of diagrams by considering whether a single bond F cc is attached to root point a or to root point aЈ. [a and aЈ are short notations for the couple of variables ͑r a , ␣͒ and ͑r a Ј , ␣Ј͒, respectively, which are associated with the root points in a Mayer diagram.] h ␣␣ Ј can be rewritten as the sum
where in h ␣␣ Ј cc both a and aЈ carry a single bond 
Screening rules
A first interest of decomposition (33) is that it enables one to derive the basic screening rules (recalled hereafter) from the fact that they are already fulfilled by the diagram made of a single bond F cc [because of the corresponding sum rules obeyed by the screened potential ͑r , rЈ͒]. Moreover, since the sum rules are linked to the large-distance behavior of the charge-charge correlation function, decomposition (33) also enables one to show that if some diagrams are to be kept for their contributions to h ␣␣ Ј −−as in some dilute regime, then the
h ␣␣ Ј c− , and h ␣␣ Ј −c are also to be retained, together with the bond F cc , in order to ensure that the screening rules are still satisfied.
The basic screening rules are the following. In a charge fluid with Coulomb interactions, an internal charge of the system, as well as an infinitesimal external charge, is perfectly screened by the fluid: each charge is surrounded by a cloud which carries exactly the opposite charge. These properties can be written in a compact form in terms of the charge-charge correlation defined as
The internal-screening rule reads
and, by performing the summation
, the internal-screening sum rule implies that ͵ dr C͑r,rЈ͒ = 0.
͑36͒
By virtue of the linear response theory, the externalscreening sum rule reads
The latter equation, derived for inhomogeneous systems by Carnie and Chan [16] , is the generalization of the sum rule first settled by Stillinger and Lovett [17] for the second moment of C͑r , rЈ͒ in the homogeneous case (see next paragraph). As a consequence of the internal screening sum rule, Eq. (37) holds whatever short-distance regularization may be added to the pure Coulomb interaction v͑r 0 , rЈ͒ [3] .
In the bulk, the translational invariance in all directions implies that sum rules (36) and (37) are relative, respectively, to the k = 0 value and to the coefficient of the k 2 term in the k expansion of C B ͑k͒. Both sum rules are summarized in the following small-k behavior:
In the vicinity of a wall, there is translational invariance only in directions parallel to the plane interface, and the CarnieChan sum rule (37) takes the form of a dipole sum rule [3, 18] :
As shown in Ref. [19] , the first moment of C͑x , xЈ , y͒ is linked to the amplitude f C ͑x , xЈ͒ of the 1 / y 3 tail of C͑x , xЈ , y͒:
3 is the largedistance behavior of h ␣␣ Ј ͑x , xЈ , y͒. Therefore, the moment rule (39) can be rewritten as a sum rule for the amplitude f ␣␣ Ј ͑x , xЈ͒, first derived in Ref. [20] :
͑41͒
[We notice that there is a misprint in paper I, where the above sum rule is written in Eq. (4) with an extra spurious coefficient 1 / ⑀ solv on the RHS.]
Now, we show how the combination of decomposition (33) with sum rules obeyed by enables one to derive the two basic screening rules. A key ingredient of the derivation is the relations between h cc and h −c , on the one hand, and h c− and h −− on the other hand, which arise from their definitions. In the bulk, because of the full translational invariance, the latter relations take simple forms in Fourier space. They read
(For the sake of clarity, in the present paragraph, we forget the superscripts "B", except in the densities, in h ␣␣ Ј and in C.) On the other hand, by virtue of the explicit expression (59) of B ,
In other words, the part F cc in h ␣␣ Ј B already fulfills the internal-screening sum rule. When relations (42) and (43) are inserted in decomposition (33) 
, and the contribution from h c− , given in Eq. (43), compensates that from h −− , so that the internal-screening rule is indeed satisfied.
In the case of the bulk external-screening rule (38), the same mechanism operates when the k 2 term in the small-k expansion of C B ͑k͒ is considered. The charge-charge correlation C F cc B , where h ␣␣ Ј B is replaced by F ␣␣ Ј cc , fulfills the second-moment sum rule:
Again, by virtue of Eq. (44), decomposition (45) implies that the k 2 term in h −c is canceled by the part of the k 2 term in
(43) and (44) imply that
is opposite to the part of the k 2 term in h c− that is generated by the k 2 term in F cc . We notice that the present argument is analogous to that found in Ref. [21] for an analogous decomposition in a quantum charge fluid.
In the vicinity of the wall, the derivation of screening rules (35) and (41) also relies on the analog of decomposition (45) and on two sum rules derived for in paper
The Fourier transform of a function f͑y͒ at wave vector l is defined as f͑l͒ ϵ ͐dy exp͑il · y͒f͑y͒. Thanks to the translational invariance in the direction y parallel to the plane interface, the relations, which arise from their definitions, between h cc and h −c , on the one hand and h c− and h −− on the other hand, take the simple form
͑50͒
Equations (47) and (48) imply that F cc saturates the internal sum rule (35) and the external sum rule (41), respectively.
The external-screening sum rule (41) in the vicinity of the wall is studied again in Sec. VI B. We show that, in the case where all species have the same closest approach distance to the wall, decomposition (33) enables one to derive a sum rule fulfilled by the effective dipole amplitude D ␣ ͑x͒.
Large-distance tails
Another interest of decomposition (33) is that the largedistance behavior of the Ursell function h ␣␣ Ј can be conveniently analyzed from this decomposition, after a suitable reorganization of resummed Mayer diagrams, which has 
been introduced in paper I. The resummed Mayer diagrammatics (32) for h ␣␣ Ј is reexpressed in terms of "graphs" made of two kinds of bonds: the bond F cc and the bond I that is defined as the sum of all subdiagrams that either contain no F cc bond or remain connected in a single piece when a bond F cc is cut. F R falls off faster than F cc at large distances (namely, as ͓F cc ͔ 2 / 2) and the topology of subdiagrams involved in I implies that I decays faster than F cc at large distances in a sufficiently dilute regime. Since the reorganization is purely topological, it is valid for correlations in the bulk as well as in the vicinity of the wall. According to the excluded-composition rule obeyed by resummed ⌸ diagrams, the functions on the RHS of Eq. (33) are equal to the series represented in Figs. 1-3 , respectively,
while h −c is defined in a symmetric way, and
͑53͒
In the previous definitions c is a short notation for ͑r c , ␥͒, and i stands for ͑r i , ␣ i ͒. We notice that, according to previous section, any contribution to I automatically generates a change in h ␣␣ Ј that preserves the two basic screening sum rules. In the bulk, the external-screening rule (38) is also retrieved from the compact formulas obtained by resummations in the graphic expansion (51)-(53), as shown in Sec. IV E.
III. WEAK-COUPLING REGIME
A. Small parameters
Now we take into account the fact that in an electrolyte all species have charges and diameters of the same magnitude orders e and , respectively. Moreover, all bulk densities are comparable, and the typical interparticle distance does not depend on species: it is denoted by a. First, we assume that the densities are so low that the volume fraction ͑ / a͒ 3 of particles is small;
Our second assumption is that the temperature is high enough for the mean closest approach distance between charges of the same sign at temperature T, of order ␤e 2 / ⑀ solv ,to be small compared with the mean interparticle distance a. In other words, the Coulombic coupling parameter ⌫ between charges of the fluid is negligible:
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[The proportionality relation in Eq. (55) arises from definition (5) .] The high-dilution condition (54) implies the weakcoupling condition ⌫ 3 Ӷ 1, if ␤e 2 / ͑⑀ solv ͒ is of order unity or smaller than 1.
In fact, conditions (54) and (55) can be realized in two different kinds of expansions in the density and temperature parameters. In the first situation, the density vanishes at fixed temperature; then, the ratio between the pair energy at contact and the mean kinetic energy, ␤e 2 / ͑⑀ solv ͒, is also fixed-namely,
In the second situation the density vanishes while the temperature goes to infinity, so that ␤e 2 / ͑⑀ solv ͒ also vanishesnamely,
B. Expansions of resummed diagrams
The discussion of the ⌫ and ͑ / a͒ expansions of the integrals associated with resummed ⌸ diagrams is easier if we split the bond F R into two pieces
(The notation F RT refers to the truncation with respect to F R .) Diagrams built with bonds F cc , ͓F cc ͔ 2 / 2, and F RT -and with the same exclusion rule for bonds F cc as in ⌸ diagrams-will be called ⌸ . The Ursell function h ␣␣ Ј is represented in terms of ⌸ diagrams by the same formula (32) as in the case of ⌸ diagrams. The splitting (58) has already been used for a classical plasma in the vicinity of a dielectric wall in Ref. [12] , and its use was detailed for quantum plasmas in the bulk in Refs. [22, 26] .
For the sake of simplicity, the scaling analysis of diagrams is now discussed in the case of the bulk. The bulk screened potential B obeys Eq. (28) far away from any boundary, where ͑x͒ no longer depends on x and coincides with the inverse Debye screening length D . Then, Eq. (28) is reduced to the usual Debye equation, and since B is a function of ͉r − rЈ͉ that vanishes when ͉r − rЈ͉ goes to infinity, it is equal to the well-known Debye potential D :
The integrals of the diagrams with a single bond can be calculated explicitly, and their orders in ⌫ and / a are the following:
where O͑⌫
͒ denote terms of orders unity and ⌫ 3/2 , respectively. According to Eq. (31),
͑62͒
If we assume, for the sake of simplicity, that all particles have the same diameter , the expression F RT B of F RT in the bulk leads to [23] 
where R ⌫ 3/2 denotes terms which are of relative order ⌫ 3/2 with respect to those written on the RHS of Eq. (63). Therefore,
since ␣ B is of order 1 / a 3 , at leading order ͐drЈ ␣ B F RT ͑r , rЈ͒ is a sum of terms with respective orders
where ␤e 2 / ͑⑀ solv ͒ = ⌫ / ͑ / a͒ and the function f͑u͒ ϵ ͚ n=1 +ϱ ͑−1͒ n u n / ͓͑n + 3͒ ! n͔ vanishes for u = 0. The last term in Eq. (64) arises from the short-distance behavior of the Boltzmann factor, the explosion of which for oppositely charged species is prevented by the cutoff distance provided by the hard-core repulsion.
As already noticed in paper I, the contributions from excluded-volume effects in the primitive model are not involved in F cc but they are contained in F R . Indeed,the potential solution of Eq. (28) describes resummed interhyactions between point charges at the centers of penetrable spheres, because it corresponds to the integral equation
͑65͒
We notice that, in the bulk, for the primitive model again, in a linearized mean-field Poisson-Boltzmann theory where excluded-volume spheres are taken into account [1] , an extra Heaviside function (͉rЉ− rЈ͉ − ͑ ␣ Љ + ␣ Ј ͒ / 2͒) appears in an equation analogous to Eq. (65), and the effective interaction between two charges e ␣ and e ␣ Ј behaves as
at large relative distances r. The latter interaction is equal to e ␣ e ␣ Ј B ͑r͒ up to a steric correction of order ͑ D ͒ 2 ϰ ⌫͑ / a͒ 2 . This is also the case in the so-called DerjaguinLandau-Verwey-Overbeek (DLVO) theory [24, 25] for another model where every charge is spread over the surface of the excluded-volume sphere instead of being concentrated at its center. In the corresponding effective interaction at large distances, the denominator of the steric factor which multiplies exp͑− D r͒ / r takes the slightly different form ͓1
2 . The order ⌫͑ / a͒ 2 of this steric correction is one among the contributions listed in Eq. (64).
By using the variable change r ϵ r / D , it can be shown that, when the number of internal points in a ⌸ diagram increases, then the lowest order in ⌫ at which it contributes to various integrals also increases. (See, e.g., Ref. [22] or [26] .)
C. Scaling regimes
As shown in previous section, in the bulk the leading coupling correction is of order ⌫ 3/2 , and the next correction without any steric contribution is of order ⌫ 3 . The orders of the first corrections induced by steric effects involve / a and ⌫ through the combinations written in Eq. (64).
In the first scaling regime (56), all terms in Eq. (64) are of order ⌫ 3 , and the leading correction is indeed provided by the correction of order ⌫ 3/2 arising only from Coulomb interactions for point charges in the Debye approximation. Moreover, we notice that in this regime, where the temperature T is fixed, ⌫ 3/2 is proportional to ͱ ͚ ␣ ␣ B Z ␣ 2 : the density expansions prove to involve powers of the square root of a linear combination of densities. (The appearance of such square roots instead of integer powers in density expansions is an effect of the long range of Coulomb interactions, which makes the infinite-dilution and vanishing-coupling limit singular.)
In the second case (57), ␤e 2 / ͑⑀ solv ͒ vanishes, and terms in Eq. (64) are of orders ͑ / a͒ 3 and ͑ / a͒ 3 times a function of ␤e 2 / ͑⑀ solv ͒ which tends to zero when ␤e 2 / ͑⑀ solv ͒ goes to zero. The explicit calculations will be performed in a subcase where the leading coupling correction of order ⌫ 3/2 is large compared with all corrections involving steric effects. This property is fulfilled if ͑ / a͒ 3 / ⌫ 3/2 goes to zero, and the corresponding subregime reads
In place of ⌫, we shall use the parameter defined in Eq. (11), because the first coupling correction is of order 2 / ⑀ solv ͒, and the whole double expansion in powers of and / a proves to be a series in integer powers of times some possible powers of ln , at fixed ␤e 2 / ͑⑀ solv ͒. In the second regime, condition (57) reads 2 Ӷ ͑ / a͒ 3 and the extra condition in Eq. (66) is ͑ / a͒ 3 Ӷ . In the following, the so-called "weak-coupling" regime refers to the scaling limit (12) or (13). Moreover, the term " expansions" refers to and / a expansions, as if they were always performed in the scaling regime (12).
D. Pair correlation at any distance in the weak-coupling limit
The scaling analysis of expansions for resummed ⌸ diagrams (see Sec. III B) shows that the expansions of integrals involving I start at least at relative order . As a consequence, at any relative distance, the pair correlation h ␣␣ Ј ͑0͒ in the infinite-dilution and vanishing-coupling limit arises only from the sum of ⌸ diagrams with a single bond and where the screened potential is replaced by its leading value
[In other words, only the graph with one bond F cc in h cc and the graph I in h ␣␣ Ј −− where I is replaced by F R do contribute at finite distances:
In the bulk the inverse screening length in Eq. (The diagram with one bond F cc is called ⌸ a in the following and is shown in Fig. 7. ) Subsequently, the first term in the expansion of is ͑0͒ = D . ͑70͒
IV. BULK CORRELATIONS
In the bulk, the Ursell function h ␣␣ Ј decays exponentially fast in all directions [27] . In the high-dilution and weakcoupling regime, the leading tail at large distances is a monotonic exponential decay over the screening length 1 / B (see Ref.
[28] for a review), while damping might become oscillatory in regimes with higher densities, as expected from various approximate theories (see, e.g., Refs. [11, 29] 
A. Resummations of geometric series in Fourier space
The translational invariance in the bulk implies that the graph series in the decomposition (33)-(53) of h ␣␣ Ј are sums of convolutions. In Fourier space, they become geometric series which are resummed into compact formulas. h ␣␣ Ј ccB ͑k͒ merely reads
where
The same geometric series appears in the case of h ␣␣ Ј c−B and
͑76͒
Finally, h ␣␣ Ј B ͑k͒ takes the half-factorized form
From this expression we readily get that 
into the general formula (A2) applied to f = h ␣␣ Ј given in Eq.
(77) with k 0 = i B , we find that the large-distance behavior h ␣␣ Ј
B as
͑r͒ of h ␣␣ Ј B ͑r͒ takes the form
where i B is the pole of 1 / ͓k 2 + D 2 + Ī͑k͔͒ with the positive imaginary part and 
where ⌺ m is defined in Eq. (15), we get 
The leading corrections involved in the notation o͑͒ are given in Eq. 
According to Eq. (83) we find
We retrieve the formula of Ref. 
͑89͒
We point out that Eq. 
D. Alternative derivation of the bulk large-distance tail at order
In view of calculations in the vicinity of a wall, where the infinite series in f = h ccB , h c−B , or h −−B can no longer be resummed in Fourier space, because of the loss of translational invariance in the direction perpendicular to the wall, we show how to retrieve the expression (88) for h ␣␣ Ј B as in a less systematic way than the method involving the resummed formulas (79) and (80 The second procedure is more cumbersome, because the series sums f͑k͒'s have a pole of rank 1 at k = i B and their inverse Fourier transform decay as exp͑− B r͒ / r, whereas each term f m ͑k͒ in the series has a multiple pole of rank m at k = i D and its inverse Fourier transform behaves as exp͑− D r͒ / r times a polynomial in r of degree m − 1. We point out that, in the present expansion of f as ͑r͒ around its exp͓− D r͔ / r limit behavior in the infinite-dilution and vanishing-coupling limit (where only the bond F cc contributes), for every graph f m we must retain the entire slowest tail f m slow -namely, the entire polynomial in r-and we only disregard tails exp͓−l D r͔ / r with l ജ 2. [See the example in Eq. (A5).] The procedure is legitimate as long as dilution is sufficiently high. Details are given in Appendix B and we give only a summary in the present section. with ͑q + 1͒ bonds
General structure of the expansion of h
F cc in f = h ␣␣ Ј ccB .
Renormalization of the screening length
As shown in Appendix B, for each 
Eventually, the resummation of the series of leading tails at every order in for h ccB proves to be a way to retrieve the value of ␦ B ͑1͒ .
Diagrams with slowest exponential tails of order
As already seen in Sec. III D, diagram ⌸ a in Fig. 7 
ͪ.
͑100͒
The −␦ B ͑1͒ r term in Eq. (89) comes from diagram ⌸ c . The 
E. Density-density and charge-charge correlation
By virtue of the bulk local charge neutrality,
the Fourier transform of the density-density correlation function takes the form
͑102͒
while the charge-charge structure factor, defined from Eq.
,
ͮ .
͑104͒
As announced in Sec. II C 1, the expression (104) of the charge-charge structure factor C B ͑k͒ indeed obeys the sum rule (38) , which summarizes both the internal-screening sum rule (36) and the external-screening sum rule (37 We stress that the k 2 term in the Fourier expansion of C B ͑k͒ is independent of the short-range potential v SR ͉͑r − rЈ͉ ; ␣ , ␣Ј͒, which must be introduced in three dimensions in order to avoid the collapse under the attraction between charges with opposite signs. This property is a consequence of the internal screening rule [3] , and it is retrieved from the structure of expression (104). On the contrary, the k 2 term in terms in the Fourier transforms of the density-density correlation and of the charge-charge structure factor derived for a symmetric 1:1 electrolyte in Ref. [35] .
When there is no charge symmetry in the composition of the electrolyte, the same argument as that used in Sec. IV B implies that, according to Eqs. (102) and (104), the largedistance behaviors of the density-density and charge-charge correlations in the high-dilution and weak-coupling regime are determined by the zero k 0 = i B of k 2 + D 2 + Ī͑k͒: they decay over the same screeninglength as the correlation h ␣␣ Ј B .
In the case of a symmetric electrolyte made of two species with opposite charges +Ze and −Ze and with the same radii, I͑r ; ␣ , ␣Ј͒ is expected to decay over the length 1 / ͑2 B ͒, by analogy with the infinite-dilution and vanishing-coupling limit where it behaves as the diagram ͓F cc ͔ 2 / 2, which falls off over the scale 1 / ͑2 D ͒. Therefore, in this peculiar case, the "screening" length of the density-density correlation is expected to be 1 / ͑2 B ͒ at low density, in agreement with the result of Ref. [35] .
V. SCREENED POTENTIAL ALONG THE WALL
A. Formal expression of the screened potential
Near the plane dielectric wall located at x = 0, interactions create density profiles and Eq. (28) 
The solution of the one-dimensional equation (110) can be written in terms of the solutions h of the associated "homogeneous" equation (with a zero in place of the Dirac distribution) which is valid for −ϱ Ͻ x Ͻ + ϱ. 
͑115͒
For the same reasons, the value of Z͉͑q͉͒ depends only on ‫ץ‬H + / ‫ץ‬x͉ x=b . Indeed, Z͉͑q͉͒ is entirely determined by the ratio of the continuity equations (105) and (106) obeyed by and ‫ץ‬ / ‫ץ‬x at x = b, and the amplitude B͑xЈ , ͉q͉͒ in region
(109)] disappears in the latter ratio.
As shown in Ref. [12] , H + can be represented by a formal alternating series, which will be used in the following:
͑116͒
where the operator T + acting on a function f͑x͒ reads
͒ is equal to the series
͑119͒
In the infinite-dilution and vanishing-coupling limit, density profiles become uniform and where
.
͑121͒
The particular solution sing ͑0͒ ͑r − rЈ͒ that is singular when r = rЈ coincides with the bulk screened potential in Debye theory:
where D is written in Eq. (59).
B. Large-distance tail of the screened potential
When x Ͼ b and xЈ Ͼ b, ͑x , xЈ , y͒ falls off as 1 / y 3 , because of the boundary conditions at the interface x = b. The reason is the following. The appearance of an 1 / y 3 tail in the large-y behavior of a function f͑y͒ corresponds to the existence of a term proportional to ͉q͉, which is not analytical in the Cartesian components of q, in the small-q expansion of f͑q͒ [37] . Functions different from Z͑q͒ in ͑x , xЈ , q͒ [see Eq. (113)] prove to be functions of q 2 , but the boundary conditions at x = b imply that, as well as the small-q expansion of ͑x , xЈ , q͒ when x Ͻ b (and x Ͼ b) [see Eq. (109)], the small-q expansion of Z͑q͒ contains a term proportional to ͉q͉.
As shown in paper I, the 1 / y 3 tail of takes the product structure (3) where
In Eq. (123) B Z is the coefficient of the ͉q͉ term in the smallq expansion of Z͉͑q͉͒:
We notice that, as shown in paper I, sum rules obeyed by ͑x , xЈ , y͒ imply that D ͑x͒ has the same sign for all x's, and the 1 / y 3 tail of ͑x , xЈ , y͒ is repulsive at all distances x and xЈ from the wall. In Eq. (123) the minus sign in front of the square root is a priori arbitrary. It has been introduced, because in the infinite-dilution and vanishing-coupling limit and in the case of a plain wall ͑⑀ W = ⑀ solv ͒, D ͑x͒ is expected to have the same sign as the dipole d͑x͒ carried by the set made of a positive unit charge and its screening cloud repelled from the wall, and H + ͑x , q 2 = 0͒ vanishes in this limit. The large-distance behavior of ͑x , xЈ , y͒ at leading order, as ͑0͒ , is equal to the leading tail 
and the resulting expression for D ͑0͒ is written in Eq. (7). The expression of the distance y Ã ͑0͒ ͑x͒ at which the 1 / y 3 tail in ͑0͒ overcomes the exponential tails in ͑0͒ has been estimated in paper I. In the case where the solvent is water and where the dielectric wall is made of glass, ⑀ W / ⑀ solv ϳ 1 / 80 and y
C. Large-distance tail of the screened potential up to order
Formal expansion of the tail
Because of the nonuniformity of the density profiles in the vicinity of the wall, has an expansion. More precisely, the expansion of the screened potential originating from the expansion of density profiles can be determined by Eq. 
where the constant C ͑1͒ is equal to
and the function Ḡ exp͑1͒ ͑x͒, which vanishes exponentially fast when x goes to infinity, is 
͑129͒
Then the coefficient B Z ͑1͒ of the ͉q͉ term in the q expansion of Z
͑1͒
͉͑q͉͒ is determined by using Eq. (125), and the expression of C ͑1͒ is given by Eq. (127) where
͑130͒
The expression of H
+͑1͒
͑ D x , q 2 = 0͒ is calculated from ͚ ␣ Z ␣ 2 ␣ ͑x͒ as the term of order in the expansion of the formal series (116). The first term in the latter series reads
͑131͒
As shown in the next section, the contribution to 2 ͑x͒ from each species varies over two length scales, ␤e 2 / ⑀ solv (times Z ␣ 2 ) and 1 / D . Therefore, T + ͓1͔͑x ; q͒, as well as all other terms in the series (116), can be expanded in powers of the ratio 2 = D ␤e 2 / ⑀ solv of these two lengths. As shown in Ref. [12] , for an operator T + associated with a function similar to 
expansion of density profiles
The density profiles in the vicinity of a dielectric wall have been calculated in the high-dilution and weak-coupling regime in Refs. [12, 13] . (The systematic approach in [12] is based on the Mayer diagrammatics for the fugacity expansions of density profiles. Resummations of Coulomb divergences are performed along a scheme which is similar tobut more complicated than-the procedure used in Sec. II B, because of differences in the topological definition of Mayer diagrams in the two cases.) Up to corrections of first order in the coupling parameter , for D b and ␤e 2 / ͑⑀ solv b͒ fixed, the density profile reads
͒ is a short notation for terms of orders written in Eq. (64) with ⌫ ϰ 2/3 . More precisely, in Eq.
͑x ; D ͒, called the bulk-screened self-image interaction in the following, is the part of the screened self-energy that is reduced to a mere bulk Debye exponential screening of the bare selfimage interaction (24) due to the dielectric response of the wall. For two charges separated by a distance 2x, the bulk screening factor at leading order is exp͑−2 D x͒. After multiplication by ␤,
The other part of the screened self-energy comes from the deformation of the set made by a charge, its screening cloud inside the electrolyte, and their images inside the wall, with respect to the spherical symmetry of a charge and its screening cloud in the bulk. The deformation stems both from the impenetrability of the wall (steric effect) and from the contribution of its electrostatic response if ⌬ el 0 (polarization effect). When it is multiplied by ␤, one gets
is the electrostatic potential created by the chargedensity profile at first order in . It is given by
͑136͒
where ͑0͒ ͑x , xЈ , y͒ is written in Eq. (120) and ͉ ͑1͒ means that the integral must be calculated at first order in with D b and ␤e 2 / ͑⑀ solv b͒ kept fixed. As a consequence,
L and ⌽ ͑1͒ are functions of x which are bounded in the interval 0 Ͻ x Ͻ + ϱ and which decay exponentially fast over a few D −1 's when x goes to +ϱ. In the case of an electrolyte confined between two walls, the density profile exhibits an analogous structure [38] .
Explicit results in the limit
Density profiles have been explicitly calculated at leading order in a double expansion in and D b with ␤e 2 / ͑⑀ solv b͒ fixed in Ref. [13] . Indeed, in regimes where D b Ӷ 1 the density profile written in Eq. (133) can be explicitly calculated at leading order by considering the limit of 
͑139͒
where O͑b͒ stands for a term of order b. By virtue of Eq.
(136), the electrostatic potential profile ⌽
͑1͒
͑x͒ at first order in arises from the screened self-energy: the term with M comes from the deformation of screening clouds with respect to the bulk spherical symmetry, which is described by L , Eq. 
and C is the Euler constant,
where Ei͑−x͒ is the exponential-integral function: for x Ͼ 0,
͑144͒
S − ͑u͒ decays proportionally to 1 / u when u goes to ϱ, since Ei͑−u͒ behaves as exp͑−u͒ / u for large u. We notice that, in the calculation of the part in ⌽
͑1͒
͑x͒ that comes from the bulk-screened image contribution V im B sc , a key ingredient is the decomposition (C13) combined with the expression of the exponential-integral function (144). Here g͑u͒ arises because
We point out that g͑u = 0͒ = 0.
In regime ( In regime (1) 
4t͑t + 1͒ ͑147b͒
The expressions (146a) and (147a) arise from the contribution of the screened self-image interaction V im B sc , Eq. (134), to the density profile (133). The terms (146b) and (147b) originate from the deformation of screening clouds described by the function L given in Eq. (138), which does not vanish even when ⑀ W = ⑀ solv . The three last lines in C ͑1͒ / and Ḡ exp͑1͒ ͑x͒ / come from the contribution of the electrostatic potential ⌽͑x͒ to the density profile. More precisely, Eqs. (146c), (147c), (146d), (147d), (146e), and (147e) originate from the functions M ͑x͒, exp͑−x͒, and exp͑−2x͒S − ͑x͒, in Eq. (139), respectively.
VI. CORRELATIONS ALONG THE WALL
A. Tails at large distances along the wall
The Ursell function h ␣␣ Ј cannot decay faster than 1 / y 3 . Indeed, by an argument based on linear-response theory and screening in macroscopic electrostatics, the correlation between global surface-charge densities at points separated by a distance y is shown to decay as 1 / y 3 with a universal negative amplitude [20] : f ␣␣ Ј in the amplitude −␤f ␣␣ Ј of the 1 / y 3 tail of h ␣␣ Ј obeys sum rule (41). The latter sum rule holds whether all species have the same closest approach distance b ␣ to the wall or not. We recall that it is a consequence of external screening, as sum rule (38) .
On the other hand, as a consequence of the 1 / y 3 decay of the screened potential , according to Eqs. (30) and (31), the bonds F cc and F R in resummed Mayer diagrams behave as 1 / y 3 and 1 / y 6 , respectively, at large distances y. Since h ␣␣ Ј does not fall off faster than 1 / y 3 , no compensation mechanism destroys the 1 / y 3 tail arising from the slowest one among the algebraic bonds in the Mayer diagrammatics. Thereore, in a regime where only a finite number of Mayer diagrams-or only some infinite class of diagramscontribute to the large-distance behavior of h ␣␣ Ј , h ␣␣ Ј indeed decays as 1 / y 3 . This is the case in the dilute regime studied hereafter. [We notice that if, in some regime, the summation of some infinite series of subdiagrams led to an infinite contribution to f ␣␣ Ј ͑x , xЈ͒, then h ␣␣ Ј would fall off more slowly than 1 / y 3 . However, since h ␣␣ Ј is integrable by definition, it cannot decay more slowly than 1 / y 2 .] As shown in paper I, the large-y behavior of h ␣␣ Ј along the wall is conveniently studied from the decomposition described by Eqs. (33) - (53), as in the case of bulk correlations. In the latter graphic representation of h ␣␣ Ј , the topology of diagrams involved in I implies that the bond I decays algebraically faster than F cc at large distances y (see Sec. II C). Moreover, as exhibited in Figs. 1-3 Figs. 1-3 ) is a sum of contributions, each of which is determined by replacing one of the bonds F cc by its 1 / y 3 behavior at large y, while the other part of the graph is replaced by its Fourier transform at the value q = 0.
Eventually, as shown in paper I, when all species have the same closest approach distance to the wall,
where C ␣ −− ͑x͒ and C c− ͑x͒ are related to h ␣␣ Ј −− and h ␣␣ Ј c− , respectively, by
͑151͒
An advantage of the resummed Mayer diagrammatic representation is that the contribution from every diagram ⌸ can be associated with some physical effect. For instance, diagram ⌸ a made of the single bond F cc describes Coulomb screening at leading order, and the sum of the two diagrams made of bonds ͓F 
and h ␣␣ Ј −− , the sum of which is equal to h ␣␣ Ј . As shown in the Appendix of paper I, the latter tails read As a consequence, if some diagrams are to be kept for their contributions to C ␣ −− ͑x͒ in some dilute regime, then the corresponding diagrams "dressed" with a bond F cc must also be retained in Z ␣ C c− ͑x͒ in order to ensure that screening rule (155) is still obeyed.
In the case of a symmetric electrolyte made of two species with opposite charges +Ze and −Ze and with the same radii, ͚ ␣ ␣ ͑x͒h ␣␣ Ј ͑r , rЈ͒ decays faster than h ␣␣ Ј ͑r , rЈ͒ in the y direction, similarly to what happens in the bulk (see Sec. IV E). Indeed, symmetries enforce that the local neutrality is satisfied not only in the bulk, where + B = − B , but also in the vicinity of the wall, where + ͑x͒ = − ͑x͒. ͑x͒ cannot be expressed as sums of geometric series that could be calculated by such a simple formula as Eq. (77). Therefore, the expression of ͑Z ␣ eff W / ͒exp͓−͑x − b͔͒ in the large-distance behavior (10) of D ␣ ͑x͒ cannot be calculated by the mere determination of the pole of an analytic function and the calculation of a residue.
Though the loss of translational invariance in the direction perpendicular to the wall prevents one from performing systematic resummations, D ␣ ͑x͒ can be determined up to order at any distance x [in the sense of the comment after Eq. (89)] by the alternative procedure derived for bulk correlations in Sec. IV D. In a first step, the correction of order in the screening length −1 of the leading exponential decay of D ␣ ͑x͒ has to be calculated by the partial resummation mechanism whose validity has been checked in the case of bulk correlations (see Sec. IV D 2). In a second step, the amplitude factor in D ␣ ͑x͒ up to order is determined as follows. First, we calculate D ␣ ͑1͒ ͑x͒ in a form analogous to Eq. (89), which arises from the contributions of only a few diagrams whose amplitude is of order and which decay at large x as exp͓− D ͑x − b͔͒ times a possible linear term in x; in a second step, we check that the coefficient of the ͑x − b͒exp͓− D ͑x − b͔͒ term, which arises from the second diagram ⌸ c in h cc , indeed coincides with the opposite of the first correction to the screening length in the direction perpendicular to the wall, which has already been calculated independently.
The expansions of ⌸ diagrams are more complicated than in the case of the bulk, because the screened potential also has an expansion when the vicinity of the wall is studied. The first correction to 
Renormalization of the screening length
We recall that, in the bulk case, the leading tail at order Fig. 7 describes the leading screening effect and therefore gives the zeroth-order contribution
Contrary to the bulk case, because of the nonuniformity of the density profiles in the vicinity of the wall, has an expansion, and the first correction ͑1͒ to ͑0͒ gives a correction of order in the 1 / y 3 tail of ⌸ a .The contribution from diagram ⌸ a to the correction of order , 
and 
͑167͒
In Eq. 
͑174͒
The effective dipole associated with a charge at leading order in , D ␣ ͑0͒ ͑x͒, is proportional to the mere exponential function exp͑− D x͒. Equation (174) shows that, when firstorder corrections are taken into account, the effective dipole varies with the distance from the wall in a more complicated way described by G ␣ exp͑1͒ ͑x͒, the value of which is derived from Eq. (173). The sign of B ␣ ͑1͒ + G ␣ exp͑1͒ ͑x͒ may vary with the distance x from the wall and depends drastically upon the composition of the electrolyte, the value of the closest approach distance b, and the relative dielectric constant of the wall with respect to that of the solvent. 
͑176͒
As exhibited by their diagrammatic origins, the various terms in Z ␣ eff W arise both from the nonuniformity of the density profiles described by diagram ⌸ a at order and from the leading screened interactions via one or two other charges that appear in diagrams ⌸ b and ⌸ b * (Fig. 8) and in diagram ⌸ c (Fig. 9) 
VII. CONCLUSION
In the present paper we have introduced the renormalized charge Z ␣ eff W associated with the large-distance dipolar-like effective interaction between two charges along an insulating wall, when all charges have the same closest approach distance to the wall. This charge has been explicitly calculated up to order in some limit of infinite dilution and weak coupling when the wall is neutral. The renormalized charge could also be calculated in the case of an insulating wall with an external surface charge on it, as is the case for instance when the wall mimicks a cell membrane. Indeed, the general method presently devised for the calculation of Z ␣ eff W holds for any density profiles when the expansions of the latter are known. On the other hand, such expansions could be obtained by a generalization of the method presented in Refs. [12, 13] , where the external one-body potential created by the surface charge would be incorporated in the fugacity.
APPENDIX A
The present appendix is devoted to the determination of the large-distance behaviors of exponentially decaying functions, such as those which appear in the resummed Mayer diagrammatics for bulk correlations. When a function f͑r͒ is rotationally invariant, its Fourier transform f͑k͒ ϵ ͐dr exp͓−ik · r͔ f͑r͒ depends only on the modulus k of k. On the other hand, when f͑r͒ decays faster than any inverse power law of the modulus r of r, then its Fourier transform is an analytic function of the components of k. where f͑k͒ is a derivable function of k. The one-dimensional integral in Eq. (A1) can be performed by the method of contour integrals in the complex plane k = kЈ + ikЉ. [We notice that, when f͑r͒ decays algebraically, then the small-k expansion of f͑k͒ contains nonanalytic terms involving either ln͉ k͉ or odd powers of ͉k͉ [37] , and the present method does not hold.] The slowest exponential tail f slow ͑r͒ of f, defined at the begining of Sec. IV, is determined by the singular point of f͑k͒ that is the closest one to the real axis kЉ = 0 in the upper complex half-plane. If the latter singular point is a pole k 0 , its contribution to f͑r͒ is given by the residue theorem 
APPENDIX B
In the present appendix we study the expansion of the large-distance behavior h ␣␣ Ј as . The meaning of expansions is detailed in Sec. III C. First, we calculate the expression of the slowest exponential tail of the graph f m with exactly m bonds F cc in the
